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In 1969, Ore and Plummer defined an angular coloring as a natural extension of
the Four Color Problem: a face coloring of a plane graph where faces meeting even
at a vertex must have distinct colors. A natural lower bound is the maximum degree
2 of the graph. Some graphs require w32 2x colors in an angular coloring. Ore and
Plummer gave an upper bound of 22, which was improved to w 95 2x by the authors
with Borodin. This article gives a new upper bound of W 59 2X on the angular
chromatic number. The cyclic chromatic number is the equivalent dual vertex
coloring problem.  2001 Academic Press
1. INTRODUCTION
The Four Color Problem can be defined as follows: determine the mini-
mum number k such that the faces of an arbitrary plane graph may be
colored with k colors in such a way that two distinct faces which are
incident with the same edge receive distinct colors. This type of coloring is
normally referred to as a proper face coloring of the graph, and k is the face
chromatic number of plane graphs.
In 1969, Ore and Plummer [5] defined a new type of a face coloring of
plane graphs, more restrictive than a proper coloring. A face coloring is
angular if two distinct faces which are incident with the same vertex receive
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distinct colors. Clearly, there is no angular chromatic number of plane
graphs, as the wheel graph on n vertices, for instance, requires n colors in
any angular face coloring. As with edge colorings, the angular chromatic
number of a graph is strongly tied to its maximum vertex degree 2. Every
angular coloring of a 2-connected plane graph uses at least 2 colors. There
are graphs which are known [2] to require w 322x colors. On the other
hand, Ore and Plummer showed in their original paper that no plane
graph requires more than 22 colors. Thus it is interesting to determine the
angular chromatic number of plane graphs of maximum degree 2. The
current best known general upper bound on the angular chromatic number
is w 952x, given by Borodin and the authors [3]. See that article or [4] for
more of the history of this problem.
This article gives a new upper bound on the angular chromatic number:
W 532X. It is convenient for proofs to consider the equivalent vertex coloring
problem (the same as was done with the Four Color Problem). Let a cyclic
coloring of a plane graph be a vertex coloring such that two distinct
vertices incident with the same face receive distinct colors. This is clearly
the dual problem, and the key parameter of the graph is its maximum
face degree 2*. This article will show that every plane graph has a cyclic
coloring with W 532*X colors.
The case of low 2* follows from previous work of various authors
(see [3]). In particular, the 2*=3 case is equivalent to the Four Color
Problem. The previous work needed for the new bound is summarized as
the first lemma.
Lemma 1.1. Every plane graph with maximum face degree 2*11 has
a cyclic coloring with W 532*X colors.
The proof for 2*12 presented in this article uses the Discharging
Method, the proof technique which conquered the Four Color Problem
(see [1] or [6]). There are two steps to this sort of proof: Reducibility and
Discharging, which axe presented in the final two sections.
2. REDUCIBILITY
The proof proceeds by contradiction. Suppose that there is a plane graph
of maximum face degree 2*12 which has no cyclic coloring with W 532*X
colors. Let such a graph with the fewest number of edges be called a
2*-minimal graph. This section contains some lemmas about the structure
of a 2*-minimal graph.
A configuration is a set S of elements (that is, vertices, edges, andor
faces) together with a set of properties that S satisfies as a subset of the
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element set of an arbitrary graph. A plane graph G contains a configuration
K if there is an appropriate subset of its element set that satisfies the given
properties of K.
As an example, consider the well-known concept of k-connectivity. Let a
graph G be connected if it has at least one vertex, and any two vertices of
G are connected by a path in G. Now a configuration will be defined: A
k-vertex cut is a (possibly empty) set S of at most k vertices of a graph G
such that G&S is not connected. A graph is k-connected if it does not
contain a (k&1)-vertex cut.
For the purposes of this article, a configuration is reducible if no 2*-min-
imal graph contains it. The first three reducibility lemmas are standard in
this area, but a proof of the third is included to introduce the technique
which will be used in subsequent proofs. Connectivity is the usual starting
point for proofs of graph coloring theorems.
Lemma 2.1. A 1-vertex cut is reducible.
Of course, this first lemma may be restated as saying that a 2*-minimal
graph is 2-connected. This lemma is used extensively, and without
reference. The second lemma is a trivial statement about deletable edges,
which in this context are edges whose deletion does not increase the
maximum face degree of the graph.
Lemma 2.2. A deletable edge is reducible.
Note that as 2*12, each triangle (face of degree three) is adjacent to
three faces of degree at least twelve. In particular, no two triangles are
adjacent in a 2*-minimal graph.
The third lemma of this section is the key reducibility lemma for all pre-
vious upper bounds of the cyclic chromatic number for large 2*. A partial
cyclic coloring of a graph G is a coloring of some of the vertices of G
such that two distinct colored vertices incident with the same face receive
distinct colors. A cyclic neighbor of a vertex x is a vertex other than x
which is incident with a face that is incident with x. The cyclic degree of
a vertex x, in symbols cd(x), is the number of cyclic neighbors of x.
Lemma 2.3. A vertex x with cd(x)<W 532*X is reducible.
Proof. Suppose that G is a 2*-minimal graph with a vertex x with
cd(x)<W 532*X. Let H be G with an edge incident with x contracted. Since
2*(H)2*, it follows from the minimality of G that H has a cyclic W 532*X-
coloring. This induces a partial cyclic coloring of G with only x uncolored.
But since cd(x)<W 532*X, the vertex x may be colored a color different from
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its cyclic neighbors to give a cyclic W 532*X-coloring of G, contradicting its
minimality. K
The next lemma is a corollary of the previous lemma. To ease its state-
ment, some notation is useful. Let a j-vertex ( j-face) be a vertex (face) of
degree j. Let ( j)-vertex, ( j)-face, etc., be defined analogously. (Due to
Lemma 2.1, the degree of a face is equivalent to the number of vertices
incident with it.) Before we state our next lemma, we prove the following
claim: if f is a j-face of a 2*-minimal graph that is incident with a 2-vertex
x, then j(W 232*X+4). Let a k-face g be the other face incident with x. If
jW 232*X+3, then we have cd(x)k&1+ j&32*+ j&4W
5
3 2X&1,
a contradiction.
Lemma 2.4. A j-face incident with a path of ( j&W 232*X&2) 2-vertices is
reducible.
Proof. Suppose that G is a 2*-minimal graph with a j-face f incident
with a path P of j&W 232*X&2 2-vertices. Let g be the face other than f
incident with P in G. Since deg (g)2*, and g and f share at least
j&W 232*X vertices, each vertex on P has cyclic degree at most 2*&1+ j&
( j&W 23 2*X)<W
5
3 2*X. By Lemma 2.3, each vertex on P is reducible, and
thus the specified configuration itself is reducible. K
One important new reducibility lemma is needed for this article. Again,
new notation is useful. Given two (4)-faces f1 , f2 of a plane graph G, let
a common vertex of f1 and f2 be a vertex incident with each of them which
is either a 2-vertex, a 3-vertex incident with a 3-face, or a 4-vertex incident
with two 3-faces. Note that the concept of a common vertex here is
different from the conventional one and note also that if v is a common vertex
of f1 and f2 , then all of the vertices cyclically adjacent to v are incident with
either f1 or f2 . Also, let a common vertex be a vertex which is a common
vertex of two faces of G. An uncommon vertex is one which is not common.
Lemma 2.5. Let f1 , f2 , f3 be three faces. For i, j # [1, 2, 3], let n i, j be the
number of common vertices of fi and f j . Also, let n :=1 if there is a vertex
incident with all of f1 , f2 , f3 , else let n :=0. If n1, 21, and n1, 3+n2, 3+n
 2*&23 , then this configuration is reducible.
Proof. Suppose that G is a 2*-minimal graph with faces f1 , f2 , f3 as in
the statement. Let x be a common vertex of f1 and f2 . Let H be G with an
edge incident with x contracted. Since 2*(H)2*, H has a cyclic W 532*X-
coloring.
Without loss of generality, there is a common vertex y of f1 and f3 whose
color does not appear in f2 . (Note that by the definition of a common ver-
tex, it is clear that x{ y.) This is true, for otherwise, for i # [1, 2], each of
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the ni, 3 colors on the common vertices of fi and f3 appears on the border
of f3&i , and thus appears twice in the wheel of x. Note that cd(x)
22*&2, and thus x sees at most 22*&2&(n1, 3+n2, 3)22*&2&( 2*&53 )
= 52*&13 <W
5
32*X colors. Thus x may be colored a color different from its
cyclic neighbors, contradicting the minimality of G.
Suppose there is also a common vertex z of f2 and f3 whose color does
not appear in f1 . Now there are at least 22*3 colors which do not appear in
f3 . Each of those colors appears in f1 , or else if c is a color in neither f1
nor f3 , then recoloring x with the color on y and recoloring y with c gives
a cyclic W 532*X-coloring of G. Symmetrically, arguing with z in place of y,
each of those colors appears in f2 . Thus, at most 2*3 colors appear in f2
which do not appear in f1 . It follows that x sees at most 42*3 <W
5
3 2*X
colors. As before, x may be colored to give a cyclic W 532*X-coloring of G.
The final case is to suppose that each of the n2, 3 colors appearing at the
common vertices of f2 and f3 also appears in f1 . Clearly, none of these
colors appears among the common vertices of f1 and f2 . Thus, cd( y)
22*&|V( f1) & V( f3)|, where V( f ) is the set of vertices on the boundary
of the face f, and since x is uncolored, including the color on y itself, y
sees at most 22*&|V( f1) & V( f3)|&n2, 3&122*& 2*&23 &1=
52*&1
3 <
W 532*X colors. Thus, x may be colored with the color on y, and then y
may be recolored with a color it does not see to give a cyclic W 532*X-coloring
of G. K
3. DISCHARGING
This section will prove the main theorem by the Discharging Method,
the proof technique developed to solve the Four Color Theorem (see [1]
or [6]). The first step in the Discharging Method is to assign numerical
values (known as charges) to the elements of the graph. The choice of these
initial charges is important, and this article uses different initial charges
than what appear in the Four Color Theorem articles. If x is either a vertex
or a face of a plane graph, let ch(x) :=4&deg (x). The following lemma
is a simple consequence of Euler’s formula, and is the key lemma for the
Discharging Method.
Lemma 3.1. For a connected plane graph G,
:
x # V _ f
ch(x)=8.
As this sum is positive, this says that every plane graph has either a
vertex or a face of degree at most three. To prove that every plane graph
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has one of the configurations mentioned in Section 2, the charge will be
locally redistributed according to Rules 1 through 7 listed below. This is called
discharging, as the rules are designed to send charge away from those
elements of positive initial charge. If y is either a vertex or a face of a plane
graph, let ch$( y) (its modified charge) be the resultant charge after
modification of the initial charges of the elements of the graph according
to Rules 1 through 7:
1. Given a 2-vertex x incident with an (11)-face f, send a charge
of 1 from x to f.
2. Given a 3-vertex x incident with two (8)-faces and a (5)-face,
send a charge of 12 from x to each incident (8)-face.
3. Given a 3-vertex x not sending out charge by Rule 2, which is
adjacent to two common vertices a, b and an uncommon vertex c, send a
charge of 12 from x to each face incident with cx.
4. Given a 3-vertex x not sending out charge by Rules 2 or 3, send
a charge of 13 from x to each of its incident faces.
5. Given a 3-face f adjacent to an (5)-vertex x and two 3-vertices
a1 , a2 , such that the face f i { f is incident with ai x, send a charge of 13 from
f to x, send a charge of 16 from f to f i via x, and send a charge of
1
6 from
f to fi via ai .
6. Given a 3-face f adjacent to an uncommon 4-vertex x, and two
3-vertices a1 , a2 , such that the face f i { f is incident with aix, send a charge
of 13 from f to f i via x, and send a charge of
1
6 from f to fi via ai .
7. Given a 3-face f not sending out charge by Rules 5 or 6, for each
face f $ adjacent to f, and for each vertex x$ which is incident with both
f, f $; send a charge of 16 from f to f $ via x$.
Now the proof of the main theorem may be given. The proof works
by assuming that there is a plane graph with none of the structures of
Section 2. It is shown however, that in such a graph, every vertex and every
face has non-positive modified charge. The sum of all the modified charges
is then non-positive, contradicting Lemma 3.1.
Theorem 3.1. Every plane graph has a cyclic W 532*X-coloring.
Proof. Suppose that G is a 2*-minimal graph. By Lemma 1.1, 2*12.
Let x2 be a 2-vertex. In this case, ch(x2)=2. If x2 were incident with an
(10)-face, then cd(x2)2*+6<W 532*X (since 2*12). By Lemma 2.3,
this does not occur. Thus x2 sends out 2 by Rule 1, and ch$(x2)=0.
Let x3 be a 3-vertex. Here, ch(x3)=1. Clearly, x3 sends out 1 by Rules 2,
3, or 4. Thus ch$(x3)=0.
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Let x4 be a 4-vertex. Here, ch(x4)=0, and, since no rules send charge
into x4 , ch$(x4)=0 as well.
Let x5 be a k-vertex, for k5. Here, ch(x5) & k6 . By Lemma 2.2, x5 is
incident with at most w k2x 3-faces. Each of those sends in at most
1
3 by
Rule 5. Thus ch$(x5)0.
Let f3 be a 3-face. In this case, ch( f3)=1. Clearly, f3 sends out 1 by
Rules 5, 6, or 7. Since 2*12, by Lemma 2.2, f3 receives no charge, and
ch$( f3)=0.
Let f4 be a face of degree four or five. In this case, ch( f4)0. Since
2*12, by Lemma 2.2, f4 is not adjacent to a 3-face, and thus no charge
is sent into f4 by Rules 5, 6, or 7. The only charge that can come in is
from a 3-vertex. Let x be a 3-vertex incident with f4 . If x is adjacent to an
(7)-face f{ f4 , then cd(x)2*+6<W 532*X, which does not occur by
Lemma 2.3. Thus Rule 2 applies to x, and x sends in no charge to f4 . Thus
ch$( f4)0.
Let f6 be an i-face, for 6i7. Here, ch( f6)& i3 . As before, f6 is not
adjacent to a 3-face. Clearly, Rule 2 does not send in any charge. Also,
Rule 3 does not send in any charge, as f6 is not incident with a 2-vertex.
Thus each vertex adjacent to f6 sends in at most 13 . Thus ch$( f6)0.
Let f8 be a j-face, for 8 j10. Here, ch( f8)& i2 . As before, f8 is not
adjacent to a 3-face. Thus the only charge comes in by Rules 2, 3, and 4.
Each vertex incident with f8 sends in at most 12 , and ch$( f8)0.
Let f be a k-face, for k11. Here, ch( f )=4&k.
Let a connecting path of f be a path P in the boundary of f which has
neither of its ends of degree 2, has all its internal vertices of degree 2, and
either has at least one internal vertex or has at least one end which is a
3-vertex incident with a 3-face which is not incident with P.
Let C be the boundary of f, and let D be C with the edges of the connect-
ing paths of f and their internal vertices deleted. By definition, each vertex
of D is an (3)-vertex of G. Thus Rule 1 does not send any charge into
f from any vertex of D.
Let d be a 0-vertex of D. Rule 2 does not send any charge into f from d,
or else there would be an (5)-face adjacent to either a 2-vertex or a
3-face, which cannot occur by Lemmas 2.3 and 2.2, respectively. Rule 3
does not send charge in from d, since each neighbor of d in C is a common
vertex. Rules 5, 6, and 7 cannot send charge in from d. Thus, either no
charge comes in from d, or 13 comes in by Rule 4.
Let c be an (1)-vertex of D. If c is an (4)-vertex of G, then
Rules 2, 3, and 4 do not apply, and c sends a total of at most 13 into f by
Rules 5, 6, and 7. If c is a 3-vertex of G, then c sends at most 12 into f by
Rules 2, 3, and 4. By Lemma 2.2, c sends at most 16 into f by Rules 5, 6,
and 7. Altogether, such a 3-vertex sends at most 12+
1
6=
2
3 into f. If c sends
1
6 into f by Rules 5, 6, or 7, then c is a 1-vertex of D, adjacent in D to either
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an (4)-vertex of G which sends at most 13 into f, or to a vertex which is
a 3-vertex of G and a 1-vertex of D.
Let M be a component of D with m vertices. If m=3, then the vertices
of M together send at most 53 . If m4, then the vertices of M together send
at most m2 . Hence the vertices of M together send at most m&1 into f, with
the following exceptions:
M is just one 3-vertex adjacent to three common vertices.
M is a 3, 3-edge incident with a 3-face which is incident with three
common vertices.
In either of these cases, M sends in m& 23 .
Let Q1 , ..., Qn be the connecting paths of f, according to some cyclic
order around f. By Lemma 2.4, each connecting path has at most p :=
k&W 22*3 X&3 internal vertices.
If n=0, then each vertex sends in at most 12 , and ch$( f )4&k+
k
2<0,
since deg ( f )11.
Let a vertex save charge a if it sends 1&a into f. Let P1 , ..., Pn be the
n paths of D, such that Pi shares a vertex with Qi and Q(i mod n)+1 . Let pi
be the number of vertices on Pi , let qi be the number of common vertices
on Qi , and let ri be the number of uncommon vertices on Pi .
If n=1, then D has at least k& p=W 22*3 X+311 vertices (since
2*12). Thus the vertices of D save at least 112 , and ch$( f )4&k+
(k& 112 )<0.
If n=2, then D has at least k&2p=2W 22*3 X&k+610 vertices (since
2*12). Either each of P1 , P2 has at least four vertices and saves at least
2, or one of P1 , P2 has at least seven vertices and saves at least 72 , while
the other saves at least 23 . In either case the total savings is at least 4, and
ch$( f )4&k+(k&4)=0.
If n=3, then D has at least k&3p=3W 22*3 X&2k+99 vertices. If some
Pi has at least six vertices, it saves at least 3, while each of the others saves
at least 23 . If some Pi has at least four vertices, while Pj , i{ j, has at least
three, then Pi saves at least 2, Pj saves at least 43 , and the other one saves
at least 23 . If each Pi has at least three vertices, each saves at least
4
3 . Thus
the total savings is at least four unless, without loss of generality, P3 has
five vertices, saving at least 52 , while each of P1 and P2 has two, saving at
least 23 . If P1 saves at least 1, then the total savings is again at least four.
Suppose, then, that P1 only saves 23 . Then by Lemma 2.5, q1+q2+r1
2*
3 &1. Thus p2+ p3k&(
2*
3 &1)& p8, a contradiction. Savings of at
least four gives that ch$( f )0.
Suppose n=4. If each of P1 , P2 , P3 , P4 saves at least 1, then as before,
ch$( f )0. Thus assume there is a path, say P1 , which only saves 23 .
Suppose precisely P1 saves 23 . Then by Lemma 2.5, q1+q2+r1
2*
3 &1.
Thus p2+ p3+ p4k&( 2*3 &1)&2(k&W 23 2*X&3)2*&k+77. Thus
one of P2 , P3 , P4 has length at least three and thus saves at least 43 , while
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the others save at least 1 each. The total savings is at least 4, and
ch$( f )0.
Suppose precisely P1 and P2 save 23 . In this case Lemma 2.5 gives q1+q2
+r12*3 &1, and q2+q3+r2
2*
3 &1. Clearly, q21, or &q2&1. Adding
these gives q1+q2+q3+r1+r2 232*&3. Thus p3+ p4k&(
2
3 2*&3)&
(k&W 232*X&3)6. Thus either each of P3 , P4 has length at least three
and thus together save at least 83 , or one has length at least four and saves
at least 2 while the other saves at least 1. In either case, the total savings
of P1 , ..., P4 is at least 4, and ch$( f )0.
Suppose at least P1 and P3 save 23 . In this case Lemma 2.5 gives
q1+q2+r1 2*3 &1, and q3+q4+r3
2*
3 &1. Thus p2+p4k&
2
32*+2.
Suppose k=2*. Then p2+ p4 2*3 +2. Since 2*11, it follows that
p2+ p46. Thus either each of P3 , P4 has length at least three and thus
together save at least 83 , or one has length at least four and saves at
least 2 while the other saves at least 23 . As in the previous paragraph, this
implies that ch$( f )0. Thus suppose k<2*. In this case p2+ p3+ p4
k&( 2*3 &1)&2(k&W 232*X&3)2*&k+78. Since p32, this implies
that p2+ p46, which implies ch$( f )0 as before.
If n=5, then ch$( f )0 unless, without loss of generality, each of P1 , P2 ,
P3 , P4 saves only 23 . Thus Lemma 2.5 gives q1+q2+r1
2*
3 &1, and
q4+q5+r4 2*3 &1. Let q be the number of vertices on Q3 . By Lemma 2.4,
qk&W 232*X&1. Note that each vertex of P2 _ P3 is either on Q3 and is
counted by q, or is a common vertex on Q2 _ Q4 and is counted by
q2+q4 . Thus p5k&2( 2*3 &1)&(k&W
2
3 2*X&1)3. It follows that P5
saves at least 43 , and ch$( f )0.
If n=6, then ch$( f )0 regardless, since each of at least six paths saves
at least 23 .
Thus the sum of the modified charges is non-positive, contradicting
Euler’s formula. K
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